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1. $u_{t}(x,t)-\Delta u(x,t)=f(x, u(x, t))$ , $(x,t)\in\Omega\cross[0, \infty)$
2. $u(x, 0)=u_{0}(x)$ , $x\in\Omega$
3. $\frac{\partial u}{\partial n}(x, t)+\sigma(x)|u(x, t)|^{m-2}u(x, t)=0$ , $(x, t)\in\partial\Omega\cross[0, \infty),$ $0\leq\sigma\in L^{\infty}(\partial\Omega)$
$\Omega$ ]$\mathrm{R}^{N}$ $\Omega$ $f$
(f) $\Omega\cross 1\mathrm{R}^{1}$ $\mathrm{R}^{1}$ :
(f)
$\{$
3 $K_{i}(i=0,1,2,3)$ $p\in(2,2^{*}),$ $\delta>0$ ,
$\epsilon>0$ 2*
$2”=\infty$ for $N=1,2;2^{*}=2N/(N-2)$ for $N\geq 3$ :
(i) $|f(x, u)|\leq K_{0}(1+|u|^{p-1})$ , $\forall(x, u)\in\Omega\cross \mathrm{E}\mathrm{t}^{1}$
(ii) $F(x, u)= \int_{0}^{u}f(x, t)dt\geq K_{1}|u|^{2+\delta}-K_{2}$ , $\forall(x,u)\in\Omega\cross \mathrm{R}^{1}$
(iii) $uf(x, u)\geq(2+\epsilon)F(x, u)-K_{3}$ , $\forall(x,u)\in\Omega\cross \mathrm{R}^{1},$ $\epsilon>m-2$
$m\in(2,\hat{2})$
$\hat{2}$





( Tm $=+\infty\Rightarrow$ bound of $\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{m}?\ovalbox{\tt\small REJECT}$
phase plane method phase space
2. lVIain Results
$\mathrm{I}.$ ( $\mathrm{H}^{1}$ Bound)
(f) $u$ $V\equiv W_{loc}^{1,2}([0, \infty);L^{2}(\Omega))\cap L_{loc}^{2}([0, \infty);H^{2}(\Omega))$
(P)
$C_{0}(|u_{0}|_{H^{1}}, K_{0}, K_{1}, K_{2}, K_{3}, \delta, \epsilon, |\Omega|)$
(1) $\sup_{t\geq 0}|u(t)|_{L^{2}}\leq C_{0}$ ,
(2) $\sup_{t\geq 0}|u(t)|_{H^{1}}<+\infty$ ,
(3) $T_{0}(|u_{0}|_{H^{1}}, K_{0}, K_{1}, K_{2}, K_{3}, \delta, \epsilon, |\Omega|)s.t.\sup_{t\geq T_{1}}|u(t)|_{H^{1}}\leq C_{0}$ ,
(4 $\grave{}p\in(2,2_{*})$ $\sup_{t\geq 0}|u(t)|_{H^{1}}$ $\leq C_{0}$ .
$2_{*}=\mathrm{o}\mathrm{o}$ $f$or $N=1;2_{*}=2+12/(3N-4)f$or $N\geq 2$ .
.( $\mathrm{L}^{\infty}$ Bound)
(f) $u_{0}\in L^{\infty}(\Omega)$ $u$
L $([0, \infty);L^{\infty}(\Omega))\cap W_{lo\acute{c}}^{12}((0, \infty);L^{2}(\Omega))\cap L_{loc}^{2}((0, \infty);H^{2}(\Omega))$ [
$(\mathrm{P})_{R}$
$C_{1}=C_{1}(|u_{0}|_{L^{\infty}}, K_{0}, K_{1}, K_{2}, K_{3}, \delta, \epsilon, |\Omega|)$
(5) $\sup_{t\geq 0}|u(t)|_{L^{\infty}}<\infty$ ,
(.6) $\exists_{T_{1}(|u_{0}|_{L^{\infty}}},$ $K_{0},$ $K_{1},$ $K_{2},$ $K_{3},$ $\delta,$ $\epsilon,$ $| \Omega|)s.t.\sup_{t\geq T_{1}}|u(t)|_{L^{\infty}}\leq C_{1}$ ,
(7) $p\in(2,2_{*})$ $\sup_{t\geq 0}|u(t)|_{L^{\infty}}\leq C_{1}$ .






$G(u)$ $:= \int_{\Omega}\int_{0}^{u(x)}(\lambda t+f(x, t))dtdx$
$J(u):=a(u)$ $\overline{a}(u)-G(u)$






(ii) $J(u(t))$ $\geq$ $-d_{0}$ $\forall t\geq 0$ .
$( \mathrm{i}\mathrm{i}\mathrm{i})\int_{0}^{\infty}|u_{t}(t)|^{2}dt$ $\leq$ $J(u\mathrm{o})+d_{0}$ ,






$..[_{\Omega}$ eq. $\mathrm{x}u\Rightarrow\overline{2}\overline{dt}|u(t)|^{2}$ $=$ $j(u(t))$
$=$ $\int_{\Omega}(\lambda u+f(x, u))dx-2a(u)-m\overline{a}(u)$









$\frac{1}{2}\frac{d}{dt}|u(t)|^{2}\geq\frac{1}{2}(2+\epsilon-m)K_{1}|\Omega$ I\mbox{\boldmath $\delta$}/2||u(t)||2+\mbox{\boldmath $\delta$}\Rightarrow Blow up\Rightarrow
$[0, \infty)$ $\Rightarrow$ (iii)









$H^{1}\text{ ^{}r}\mathrm{E}(z_{\overline{\mathcal{T}}d}\backslash \backslash J7^{\mathrm{p}}2)$
$\underline{\text{ }1.}$ $r,q\in[1, \infty)$ , $m$ $:\ni\not\in \mathrm{g}\mathrm{g}\text{ }\sigma)$fl
$|u|_{s}\leq C|u|_{W_{m,r}^{a}}|u|_{q}^{1-a}$ for $u\in W^{m,r}$$\forall(\O ega)\cap L^{q}(\Omega)$
$_{\tilde{-}}^{\underline{\backslash }}.\backslash 1_{\vee\text{ }}a\in[0,1],$ $s\in[1, \infty)$ $\mathrm{s}.\mathrm{t}$ . $\frac{1}{s}=a\cross(\frac{1}{r}-\frac{m}{N})+(1-a)\cross\frac{1}{q}$
$\underline{\text{ }2.}$ $u\subset V\mathrm{c}\emptyset\grave{\grave{1}}(\mathrm{P})\text{ }\mathrm{f}\mathrm{f}\mathrm{l}^{\text{ }}\mathbb{H}$
$\exists \mathrm{E}l\mathrm{H}\mathrm{E}^{\simeq}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}_{J}^{\prime\rfloor\text{ } }\backslash \text{ }T(\cdot)\mathrm{s}.\mathrm{t}$ .
$||u(t)||\underline{<}||u(t_{0})||+1\mathrm{f}\mathrm{o}\mathrm{r}$ au to and $t\in[t0,t0+T(||u(t\mathrm{o})||)]$ (21)
$\underline{=\Rightarrow \mathrm{i}\mathrm{r}\mathrm{E}\mathrm{B}fl}$. $\text{ }\tau^{\backslash }\ovalbox{\tt\small REJECT}-l-\text{ }\exists_{\lambda\in}(0,2]\mathrm{s}.\mathrm{t}$.
$|u|_{2(p-1)}^{2(p-1)}\leq C|u|_{H_{2}}^{2-\lambda}|\mathrm{t}u||^{2p-4+\lambda}$ $\forall_{u\in H^{2}(\Omega)}$ (22)




$|g( \cdot,u)|^{2}\leq\frac{1}{2}|\Delta u|^{2}+M(||u||)$ $\forall_{u\in H^{2}(\Omega)}$ (23)
.
$\int_{\Omega}$ eq. $\cross-\Delta u(t)+\lambda u(t)\Rightarrow$
$(u_{t}, -\Delta u+\lambda u)-(\Delta u, -\Delta u+\lambda u)+(\lambda u, -\Delta u+\lambda u)=(g(\cdot,u),$ $-\Delta u+\lambda u)$
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( ) $=(u_{t}, -\Delta u)+(u_{t}, \lambda u)+|\Delta u|^{2}-\lambda(\Delta u, u)-\lambda(u, \Delta u)+\lambda^{2}|u|^{2}$
$=- \int_{\Omega}u_{t}\cdot\Delta udx+\lambda\int_{\Omega}u_{t}\cdot udx+|\Delta u|^{2}-2\lambda\int_{\Omega}\Delta u\cdot udx+\lambda^{2}|u|^{2}$
$=- \int_{\partial\Omega}\frac{\partial u}{\partial n}\cdot u_{t}d\Gamma+\int_{\Omega}\nabla u_{t}\cdot\nabla udx+\frac{\lambda}{2}\frac{d}{dt}\int_{\Omega}u^{2}dx+|\Delta u|^{2}$
$-2 \lambda\int_{\partial\Omega}\frac{\partial u}{\partial n}\cdot udx+\int_{\Omega}\nabla u\cdot\nabla udx+\lambda^{2}|u|^{2}$
$= \int_{\partial\Omega}\sigma\cdot|u|^{m-2}u\cdot u_{t}d\Gamma+\frac{1}{2}\frac{d}{dt}|\nabla u|^{2}+\frac{\lambda}{2}\frac{d}{dt}|u|^{2}+|\Delta u|^{2}$
$+2 \lambda\int_{\partial\Omega}\sigma|u|^{m-2}u\cdot ud\Gamma+2\lambda|\nabla u|^{2}+\lambda^{2}|u|^{2}$
$= \frac{1}{m}\frac{d}{dt}\int_{\partial\Omega}\sigma\cdot|u|^{m}d\Gamma+\frac{1}{2}|\nabla u|^{2}+\frac{\lambda}{2}\frac{d}{dt}|u|^{2}+|\Delta u|^{2}+2\lambda\int_{\partial\Omega}\sigma\cdot|u|^{m}d\Gamma+2\lambda|\nabla u|^{2}+\lambda^{2}|u|^{2}$
$= \frac{d}{dt}(a(u)+\overline{a}(u))+|\Delta u|^{2}+2\lambda|\nabla u|^{2}+\lambda^{2}|u|^{2}+2\lambda\int_{\partial\Omega}\sigma\cdot|u|^{m}$
( ) $=-(g(\cdot, u),$ $\Delta u)+\lambda(g(\cdot, u),$ $u)$
$\leq|-(g(\cdot, u),$ $\Delta u)+\lambda(g(\cdot, u),$ $u)|$
$\leq|(g(\cdot, u),$ $\delta u)|+\lambda|(g(\cdot, u),$ $u)|$
$\leq\leq\frac{1g(1}{2C}|.,\Delta u|^{2}+2C|g(\cdot,u)|^{2}+\lambda(\frac{1}{2C}, |u|^{2}+2C’|g(\cdot,u)|^{2})u)||\Delta u|+\lambda|g(\cdot,u)||u|$
$\Downarrow$
$\frac{d}{dt}(a(u)+\overline{a}(u))+|\triangle u|^{2}+2\lambda|\nabla u|^{2}+\lambda^{2}|u|^{2}+2\lambda\int_{\partial\Omega}\sigma|u|^{m}d\Gamma\leq$
$\frac{1}{2C}|\Delta u|^{2}+2C|g(\cdot, u)|^{2}+\lambda(\frac{1}{2C}, |u|^{2}+2C’|g(\cdot,u)|^{2})$
$\Downarrow$
$\frac{d}{dt}(a(u)+\overline{a}(u))\leq\overline{C}M(||u||)$ for $\mathrm{a}.\mathrm{e}$ . $t\in[0, \infty)$
$\Downarrow$















$||u(t)||\leq d_{1}+1$ for all $t \geq T_{1}d_{=^{ef}T_{0}}+\frac{K_{4}^{2}}{2\alpha}$ (25)




$\exists t_{0}$ $\mathrm{s}.\mathrm{t}$ . $j(u(t))=\alpha$ and $j(u(t))>\alpha^{\forall},t\in(t_{0}, t_{1}]$
$2\oplus\Xi\sigma)\supset:\grave{\tau}\backslash \nearrow\triangleright*^{\backslash ^{\backslash }}-\not\in \text{ }[t_{0}, t_{1}]\text{ ^{}\backslash }\backslash \mathrm{f}\mathrm{f}\mathrm{l}_{J7}^{J\backslash }|_{\vee\text{ }}\mathrm{f}\mathrm{f}\mathrm{i}\text{ }1(\mathrm{i}\mathrm{v})\text{ }\dagger\not\in\vee\supset C\vee$










$\Rightarrow$ $|u|_{L^{\infty}(I;L^{r/2+1}}(\Omega))\leq C(|u|_{L^{r}(I;L^{r}(I_{j}L^{r}(\Omega)),d_{0\prime}d_{3\prime}r})$ .
.












$|u(t_{0})|_{s}\leq C||u(t_{0})||\leq C\cdot d_{3},$ $J(u_{0})=A(u_{0})-G(u_{0})\leq A(u_{0})+CA(u_{0})\leq C’\cdot d_{3}$
2 .
$u\in L^{\infty}(I;L^{r}(\Omega)),$ $\frac{N(p-2)}{2}<r<\infty$ ,
$\Rightarrow|u|_{L^{\infty}(IH^{1}(\Omega))}j\leq c(|u_{0}|_{L^{\infty}(I^{j}L^{r}(\Omega))},C_{0})$ .
. (1) $|u|^{l-2}u(t)(2<l<2^{*})$ (f) (j)
$\frac{1}{l}\frac{d}{dt}|u(t)|_{l}^{l}+\frac{4(l-1)}{l^{2}}A(|u(t)|^{\frac{l}{2}})^{2}\leq K_{0}(2|u(t)|_{p}^{p+l-2}+\iota-2)$ (26)
$l>(p-2)N/2$ 1
$s=2(p+l-2)/l,$ $m=1,$ $r=q=2$ $u$ $|u|^{l/2}$ &
$|u|_{p+l-2}^{p+l-2}\leq C||u||^{p+8-2}A(|u|\mathrm{i})^{2-}$” (27)
(26) (27) $l=r$
$||u|^{\frac{r}{2}}|_{L^{2}(I^{j}H^{1}(\Omega))}$ $C(|u|_{L^{\infty}(I^{j}L^{r}(\Omega))}, A(u_{0}))$ (28)
1 $s=2(N+2)/N,$ $m=1,$ $r=q=2$ $u$ $|u|^{\frac{r}{2}}$
$|u|_{(2+N)/N}^{(2+N)/N}rr\leq C|u|_{r}^{2/N}A(|u|^{\frac{r}{2}})^{2}$ .
(28) (29) $u\in L^{(2+N)r/N}(I;L^{(2+N)r/N}(\Omega))$
2 $u\in L^{\infty}$ $(I;L^{(2+N)r/2N+1} (\Omega))$ {
$u\in L^{\infty}(I;L^{r_{i}}(\Omega))$ $r_{i}$
$r_{i+1}= \frac{N+2}{2N}r_{i}+1,$ $i=1,2,$ $\cdots,$ $r_{1}=r$ .
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$|u|_{L^{\infty}(I_{j}L^{q}(\Omega))}\leq C_{0}$ for all $q<q^{*}$ .
$\mathrm{N}=1$ ( $q^{*}=\infty$ $\mathrm{N}=2,3,4$ { $q^{*}=2+8/(3N-4)$
. $q_{1}=2,$ $q_{i+1}=4-Nq_{i}/2N+(6N+8)/2N,$ $i=1,2,3,$ $\cdots$ 1
$s=q_{i+1},$ $m=1,$ $r=2$ , $q=(2+q_{i})/2$
$|u|_{q.+1}^{q.+1}.\cdot\leq C|u|_{\mathrm{t}^{2+qi})/2}^{q.+1^{-4}}||u||^{4}$ .




$|u|_{L(I;L^{q}(\Omega))}\infty\leq C_{0}$ for $\mathrm{a}\mathrm{I}q<q_{*}=3+(N-4)(2-p)/4$
. $N\geq 4$ $p<2*\leq 4$ 1 (vi) $|u|_{L^{4}(IL^{2}(\Omega))},\cdot\leq C_{0}$
$\text{ }|u|_{LP(I;L^{p}(\Omega))}\leq C_{0}$ $0$
$p_{1}=p,$ $p_{i+1}=(N-4)p_{i}/(N-2)+[8+(N-4)(2-P)]/(N-2)$
$.\mathrm{s}_{i}=.2+p_{i}-p,$ $i=1,2,$ $.3,$ $\cdots$ $u\in L6p_{i}(I;L^{P}.\cdot(\Omega))$
(26 $\grave{}$ $|u|^{\frac{s}{2}}$
.
$\in L^{2}(I;H^{1}(\Omega))$ . \Downarrow
1with $s=2p_{\mathrm{i}+1}/s_{\mathrm{i}},$ $m=1,$ $r=2,$ $q=2\cdot 2^{*}/s_{i},$ $u=|u|^{s:/2}$






2 3 4 2
(( 2 ))
Moser’s Iteration scheme $H^{1}\mathrm{B}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{d}$ $L^{\infty}$Bound
[1] Otani, M.: Bounds for glo $bal$ solutions of some semilinear parabolic equations,
(1989)
[2] Otani, M.: Existence and asymtotic stability of strong sllution of nonlinear ev0-
lution equations utith a difference $tem$ of subdifferentials, Colloquia Math. Soc.
Janos Bolyai,,30, Qualitative theory of dufferentail equations, North Holland,
1980.
[3] Giga, Y.: A bound for global solutions of semilinear heat equations ,
Comm Math $.\mathrm{P}\mathrm{h}\mathrm{y}\mathrm{s}.,103(1986)$ , 415-421
[4] Baras, P. and Cohen, L.: Complete blow-up after Tmax for the solutions of $a$
semilinear heat equation, J.Funct.Ana1.71, 1987, 142-174
[5] Br\’ezis, H.: Monotonicity methods in Hilbert spaces and some applications to
nonlinear partial differential equations, Contributions to Nonlinear Functional
Analysis, E.Zarantonello ed., Acad. press, 1971, 101-165
[6] Ni, $\mathrm{W}.\mathrm{M}$ , Sacks, P.E., and J.Tavantzis, On the asymptotic behavior of solutions
of certain quasilinear equation of parabolic type, J. Differ. Equations 54(1984),
97-120.
[7] Cazenave, T. and Lions, P.L., Solutions glolales $d$ ’\’equations de la chaleur semi
lin\’eaires, ibid., $9(1984)$ , 955-978.
[8] Quittner, $\mathrm{P}.:$ A priori bound for global solutions of a semilinear parabolic problem
30, Acta Math Univ Comenianae(1999).
213
